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XXIII. The general Mathematical Laws which regulate 
and extend Proportion univerfally', or, a Method of 
comparing Magnitudes of any Kind together,, in all the 
pojfble Degrees of Increafeand Decreafe. By James 
Glenie, A. M. and Lieutenant m the Royal Regiment of 
Artillery. 


Xeatf March 6, v | '> he dodtrine of proportion laid down 
■•■by eucliDj and the application of it 
given by him in his Elements, form the bails of almoit 
all the geometrical reafbning made ufe of by mathema¬ 
ticians both ancient and modern. But the reafonings of 
geometers with regard to proportional magnitudes have 
feldom been carried beyond the triplicate ratio, which is 
the proportion that limilar folkls have to one another 
when referred to- their homologous linear dimenfions. 
This boundary, however, comprehends but a very 
limited portion of univerfal comparison,, and. almoit va- 
nilh.es into nothing when referred to that endlefs variety 
of relations,, which mult neceflarily take place between 
geometrical magnitudes, in the infinite polfible degrees 
of increafe and decreafe. The firlt of thefe takes in but 

a very 
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a very contracted field of geometrical comparifon; 
Whereas the laft extends it indefinitely. Within the 
narrow compafs of the firft, the ancient geometers per¬ 
formed Wonders, and their labours have been pufhed 
ftill farther by the ingenuity and indefatigable induftry 
Of the modems. But no author, that I have been able to 
meet with, gives the leaft hint or information with re¬ 
gard to ariy general method of expreffing geometrically. 
When any two magnitudes of the fame kind are given, 
what degree of augmentation or diminution any one of 
thefe magnitudes mUft undergo, in order to have to the 
other any multiplicate or fub-multiplicate ratio of thefe 
magnitudes in their given ftate; or any fuch ratio of 
them as is denoted by fractions or furds; or (to fpeak ftill 
more generally) a ratio which has, to the ratio of. the 
firft-mentioned df thefe magnitudes to the other, the 
ratio of any two magnitudes whatever of the fame but 
of any kind. Neither have I been able to find that any 
author has fliewn geometrically in a general way, when 
any number of ratios are to be compounded or decom¬ 
pounded with a given ratio, how much either of the 
magnitudes in the given ratio is to be augmented or di- 
minifhed, in order to have to the other a ratio, which is 
equal to the given ratio, compounded or decompounded 
with the other ratios. To inveftigate all thefe georne- 

N n n a tricall y, 
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tsrically, and to fix general laws in relation to them, is 
the object of this paper; which, as it treats of a fubje<5t 
as new as it is general, I flatter myfelf, will not prove 
unacceptable to this learned Society, It would be alto¬ 
gether fuperfluous forme to mention the great advan¬ 
tages that muft neceffarily accrue to mathematics in ge¬ 
neral, from an accurate inveflagation of this fubjedt, fince 
its influence extends more or lefs to every branch of ab- 
flradt fcience, when any data can be afcertained for rea- 
foning from. I fhall, in a fubfequent paper, take an op¬ 
portunity of ihewing how, from the theorems after¬ 
wards delivered in this, a method of reafoning with finite 
magnitudes, geometrically, may be derived, without any 
confideration of motion or velocity, applicable to every 
thing to which fluxions have been applied ; and ihall 
now proceed to the fubjedt of this paper, after premifing 
the two following definitions. 

DEFINITION'S. 

Magnitude Is that which admits of increafe or decrees. 

v E f ini x i o n n. 

Quantity is the degree of Magnitude. 

By magnitude, befides extenfion, I mean every thing 
which.admits of more or lefs, or what can be increased 
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or diminiftied* fuch as ratios, velocities, powers, &c. As 
Iihall frequently, for the fake of eoncifenefs and con- 
veniency, he obliged to make ufe of particular modes of 
exprefling geometrical magnitudes, I here obferve, once 

for all, that by fuch expreffions as thefe a. a.-~*> 

A. , A. ~~ ~, 8cc. I mean refpedtively a third pro¬ 
portional to b and a; a fourth proportional to b, a, and 
the difference of a and b; a fourth proportional to d, a, 
and the difference of c and n; a fourth proportional to b, 

a. and a—b, &c. 

To proceed then in the order in which I firft invefti- 
gated thefe theorems; let a, b, c, d, e, f, g, h, &c. be 
any number of magnitudes of the fame kind, taken two 



and two from the firfi ; and let mn, no, nr, op, refpec- 
lively reprefent a, b, q, d. .Let nr, op, be drawn per¬ 
pendicularly 
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pendicularly to vo, or otherwife if in the fame angle; and 
let the redtangles or parallelograms mr, np, be com¬ 
pleted. Let lm be a fourth proportional to op, mn and 
nr-op; and let the rectangle or parallelogram LQ.be 
completed. 

Then (14. e. 6.) lt is equal to tr, and consequently 
LQ_to mr. But (23. e. 6.) mr has to np the ratio com¬ 
pounded of the ratios of mn to no and NR to op. There¬ 
fore ( 1 . e. 6.) ln has to no the ratio compounded of the 
ratios of mn to no and nr to op. But ln is equal to 

mn + MN. --— , or a+ a.— , by confhru&ion. Whence 
it appears, that a magnitude of the fame kind with a 
and b, which has to b the ratio compounded of the ratios 

of a to b and c to D, is exprelfed by a+a. 

In like manner let e, f, be reprefented by rn, op, re¬ 
spectively, and let lk be a fourth proportional to op, ln, 
and qr. Then (14. e. 6.) kx is equal to xr or tr and xs 
together. But lince ln hath already been Shewn to be 

equal to a+a.———, lk is a fourth proportional to F, e-f, 

and a+ A. that is equal to a.— — + A. —• -j- * by 

conftrudtion. Wherefore kn being equal to lk+ln is 

equal to a+a.^^ + a. + a. And lince 

&q.is equal to lr, kn has to no a ratio compounded of 

1 the 
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title ratios of ln to no and nr to of ; th at is, of the ratios 
a to b, c to d, and e to f. Therefore a magnitude of the 
fame kind with a and b, which has to b the ratio com¬ 
pounded of thefeK#//<wis exprefled by a+ a. + a. 


C—-*D E—:F 


+ A. • 

JLf r 

Again, if nr, op, be fuppofed to reprefent g, h, re- 
fpedtively, and kv a fourth proportional to op, kn, and 
QR» VQ_will be equal to kr (14. e. 6.) and confequently 
vn will have to no a ratio compounded of the ratios of 
KN to no and nr to op; that is, of the ratios a to b, 
C to d, e to F, g to h. But VK is by conftrudtion equal to 

G H C*—D G H E F G—H C—-D fe F G< W 

At H ’ + A» r - “ + ~ + At i r~ -» ~ ■+ A* —— •—— .•-- • 

H D H F H JO F H 

And this added to kn above found gives a+a, 


Q —1> 


E—F G—H C—D 

+ A. ~T“ + A. + At 


H 


-F C D G—H E—F 

+ + A * — 


G—H C—D 

__ +A _ 


G-H 


r - H > for the magnitude of the fame 
kind with A and b, which has to b the ratio compounded 
of the ratios a to b, c to d, e to f, Gto h; whence the 
law of continuation is manifeft. 


The fame condufions may be derived from (e. 5.); 
fothat no principle can be limpler or more geometrical 
than that here made ufe of. 

Thus then thefe magnitudes will Band. 

C—D , 

1 . a+a. - j~ , when two ratios are compounded. 


2. A 
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2k a+a.*-~— + a.—~ + a* < -j~ when three am 

compounded. 

C— D E—F G—H C— D G—F C— D# 

3. A + A.—+ A.-r +A. —+ A. —.- F - + A.- r - 


G—H 

ir + a -t 


D 

E—F G—H 

K 


+ a. ~r • ~ • , when four ratios 

O' Jf' ttr * 


are compounded, 8cc. See. 

By continuing this operation much farther, I found 
upon examination that the number of terms in which a 
is connected with the differences c-D, e-f, g-h, 8cc. 
taken pne by one, two by two, three by three, 8cc. if p 
denote the number of ratios compounded, is exprefied 

refpeaively by^ p ~ £ 3 , &c Thus 

if the ratio of a to b be fuppofed equal to the ratios of 
e to D, e to f, g to h, &c. refpe&ively, thefe expreflions 
■will give the following ones. 


a— a—b 
X-«> A- *f 7 _"' » A. ;i r • 

Jr C. 


1 —I A-^B 3—1 3 — a A—B* 

2. A+-J-. A.-J—+ —r* . a .A. 8 


4— I A—B 4— I £-2 , A—Bl a—t 4—4 4—3 

3* A+tj-.A.—■+ -7- . a 8 

A "b |3 

a. ——; for magnitudes of the fame kind with a 
and b, which have to b refpeitively the duplicate, 
triplicate, and quadruplicate ratio of a to b ; where p 
is fucceflively equal to 2, 3, and 4. And univerfally, 
by the fame geometrical reafbning, it is found, that 
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b fuch a multiplicate ratio of a to b as is exprefled by 
the number p. 

In the reafoning above I fixed on b as the magnitude 
to which the reft were to be referred; but I might as well 
have fixed on a or any of the other magnitudes. Thus, 


for inftance, b + 


P~ l _ g — A , P — 1 
-j-.b. A + — 


P -2 B~—Zf 


+ 8cc. 


B. --has to a fuch a multiplicate ratio of b to a 

as is exprefled by the number p; or a has to b + 

p —I B—A p— I p 2 B—aI* B—aV —: ' 

— .b.— ~-+-r- • .b.— — + 8 cc. b .—~— the ratto 

l A 1 St A A 

c p—1 A—B p —I P —2 A bI* „ A—b1* — ' 

of A+^.A.— + r — d—.A.—^— + Sec. A.—- -tOB; 

that is, fuch a multiplicate ratio of a to b as is exprefled 
by the number />. Each of thefe, indeed, I demonftrated 
feparately from the fame fort of geometrical reafoning; 
but for the fake of brevity I omit fetting down thefe 
feparate demOnftrations, as they are both contained in 
general reafoning above, which furnflhes likewife a great 
variety of other expreflions, according as certain num¬ 
bers of the ratios c to d, e to f, g to h, &'c. are fuppofed 
to be refpedtively equal to, greater or lefs than, the ratio 
of a to B. 


1K4B* 
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